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Problem 1 (First IMO 1956)
Prove that the fraction 21n+4

14n+3 is irreducible for every natural number n.

Problem 5 (Russian Math Olympiad 1961)
a) Given a 4-tuple of positive numbers (a, b, c, d), it is transformed into a new one according

to the rule:
a′ = ab, b′ = bc, c′ = cd, d′ = da.

The second 4-tuple is transformed into the third according to the same rule, and so on.

Prove that if at least one initial number does not equal 1, then you can never obtain the initial
4-tuple again.

b) Given a 2k-tuple of numbers (where k is a nonnegative integer), each equal either to
1 or to -1, the tuple is transformed according to the same rule as in part (a): each number is
multiplied by the next one, and the last is multiplied by the first.

Prove that you will always eventually obtain a tuple consisting entirely of 1s.

Problem A-3 (Putnam 1989)
Prove that if the complex number z satisfies the equation

11z10 + 10iz9 + 10iz − 11 = 0,

then |z| = 1. (Here, i is the imaginary unit satisfying i2 = −1.)

Problem 4 (IMC 1994)
Let α ∈ R \ {0} and suppose that F and G are linear maps (operators) from Rn into Rn

satisfying
F ◦ G − G ◦ F = αF.

a) Show that for all k ∈ N one has

F k ◦ G − G ◦ F k = αkF k.

b) Show that there exists k ≥ 1 such that F k = 0.
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Problem A-6 (Putnam 1989)
Let

α(X) = 1 + a1X + a2X2 + · · · ∈ F2[[X]]

be a formal power series with coefficients in the field of two elements. Define the coefficients
an as follows:

an =
{

1, if every block of zeros in the binary expansion of n has an even number of zeros
0, otherwise.

For example, a36 = 1 because 36 = 1001002, and a20 = 0 because 20 = 101002.
Prove that the power series satisfies the equation:

α(X)3 + Xα(X) + 1 = 0.
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