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Problem 1 (First IMO 1956)

21n+4

Prove that the fraction Tints

is irreducible for every natural number n.

Solution:

By Bezout’s Lemma, 3 - (14n +3) — 2 - (21n +4) = 1, so the GCD of the numerator and
denominator is 1 and the fraction is irreducible.



Problem 5 (Russian Math Olympiad 1961)

a) Given a 4-tuple of positive numbers (a, b, ¢, d), it is transformed into a new one according
to the rule:
ad=ab, bV =bc, ¢ =cd, d=da.

The second 4-tuple is transformed into the third according to the same rule, and so on.

Prove that if at least one initial number does not equal 1, then you can never obtain the initial
4-tuple again.

b) Given a 2F-tuple of numbers (where k is a nonnegative integer), each equal either to
1 or to -1, the tuple is transformed according to the same rule as in part (a): each number is
multiplied by the next one, and the last is multiplied by the first.

Prove that you will always eventually obtain a tuple consisting entirely of 1s.

Solution:

(a) Let Qo = (a,b,c,d) be the original 4-tuple and let @,, be the 4-tuple after n transforma-
tions. We consider the product of all elements:

abed.

If abed > 1, then at each step, the product of the transformed values is strictly increasing,
making a return to the initial 4-tuple impossible. Similarly, if abed < 1, the product is
strictly decreasing, again preventing a return. Therefore, the only possibility for a return
is if abed = 1.

Next, define M(Q) as the largest number in the 4-tuple Q. If at least one number in @
is not 1, then necessarily M (Q1) > 1. Moreover, in @3, each element is the square of
some element from @Q; (use abed = 1), implying:

M(Qs) = M(Q1)*.

Since squaring a number greater than 1 results in an even larger number, the sequence
M(Q1), M(Q3), M(Qs5), . .. grows indefinitely. This precludes any possibility of returning
to the original 4-tuple, as a return would imply cycling, contradicting the unbounded
growth of M(Qy).

(b) After r transformations, the first element of the n-tuple can be written as:
T T
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where (:) is the binomial coefficient. By induction, after n = 2¥ transformations, this
simplifies to:

n
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It suffices to prove that (7;) is even for all 0 < i < n when n is a power of 2.



This follows from the fact that in Pascal’s triangle, the binomial coefficient (7)) is given

by:
n n!
(z) T A0l

Since n = 2, the highest power of 2 dividing n is greater than the highest power of 2
dividing 4 or n — i, ensuring that () is always even for 0 < i < n. Thus, all elements in
the sequence eventually become 1, completing the proof.

Problem A-3 (Putnam 1989)

Prove that if the complex number z satisfies the equation

11219 +10i2° + 10iz — 11 = 0,

then |z| = 1. (Here, i is the imaginary unit satisfying i2 = —1.)

Solution:
We begin by expressing z° in terms of z:

o 11—10iz
2= .
112 + 10i

Taking the modulus on both sides, we examine the numerator and denominator separately:

111 — 10iz|? = (11 — 10i2)(11 + 10iz) = 121 4 100|2|2 + 2203z,
111z + 10> = (112 + 104)(11% — 10i) = 100 4 121]2|> + 220Sz.

If we define |2°| = N/D where
N =121 +100[z|* + 22032, D = 100 + 121]z|* + 2203z,
then their difference is given by
N — D =21(1— |z%).
Now, consider the cases:

- If |z| > 1, then 1 — |z|> < 0, s0 N < D and hence |2°| < 1.

- If |2| < 1, then 1 — |z|> > 0, so N > D and hence |2°| > 1.
Both cases is a contradiction. Thus, we conclude that |z| = 1 for all roots z.



Problem 4 (IMC 1994)

Let o € R\ {0} and suppose that F' and G are linear maps (operators) from R” into R"
satisfying
FoG—GoF =afF.

a) Show that for all £ € N one has
F*oG - Go F¥ = akF*.

b) Show that there exists k& > 1 such that F* = 0.

Solution:

(a) We prove the result by induction on k. The base case k = 1 is given by the assumption.
Assume that the formula holds for some k£ > 1, i.e.,

FFoG - Go FF = akFF*,
We compute:
FFMloG—-GoFM! = FFo(FoG)—GoFFoF

=Ffo(GoF4+aF)-GoFfoF
—FfroGoF+aF*' —GoFFoF
= (FFoG—GoF* o F 4 aFtt!
= (akF¥) o F + aF*!
— aka-i—l —|—OLF]€+1
= ak+ 1)FF*L,

This completes the induction step, proving the result.

(b) Consider the linear operator L defined on the space of n x n matrices by
L(F)=FoG—-GoPF.
By the given assumption, we have L(F') = aF. Also using part (a), we obtain
L(F*) = akF*.

The operator L acts on an n?-dimensional space and can have at most n? distinct
eigenvalues. However, if F* # 0 for all k, then L has infinitely many eigenvalues ak,
which contradicts the fact that the space is finite-dimensional. Hence, there must exist
some k > 1 such that FF = 0.



Problem A-6 (Putnam 1989)

Let
(X)) =1+ a X +aX?+--- € Fy[[X]]

be a formal power series with coefficients in the field of two elements. Define the coefficients
a, as follows:

if every block of zeros in the binary expansion of n has an even number of zeros
an, = i
0, otherwise.

For example, azg = 1 because 36 = 1001002, and asy = 0 because 20 = 101005.
Prove that the power series satisfies the equation:

(X + Xa(X)+1=0.

Solution:

We begin by analyzing the properties of the coeflicients a,,. Since the field has characteristic
2, we have a(X)? = 1+ > a,X?". This is because squaring a power series in characteristic 2
eliminates the cross terms, and a2 = a, (as a, € {0,1}).

Next, consider a(X)3. Multiplying the given equation a(X)3 + Xa(X) +1 =0 by a(X), we
obtain:
(X)) + Xa(X)? + a(X) = 0.

We now analyze a(X)* + Xa(X)? + a(X) by examining the coefficients of X4, X4"+2 and
X2n+1.

« Coefficient of X*": The coefficient is a,, + a4,. Since the binary expansion of 4n is the
binary expansion of n with two zeros appended at the end, a4, = a,. Thus, a,, + a4, =0
in characteristic 2. For n = 0, the coefficient is 1 + 1 = 0.

o Coefficient of X*"t2: The coefficient is a4n+2. The binary expansion of 4n + 2 ends
with ... 10, so agp42 = 0.

o Coefficient of X2"t1: The coefficient is aon+1 + an. The binary expansion of 2n 4 1 is
the binary expansion of n with an extra 1 appended at the end. Thus, ao,11 = a,, and
a2n+1 +a, = 0.

Since all coefficients of a(X)* + Xa(X)? + a(X) are zero, we have:
(X)) 4+ Xa(X)? + a(X) = 0.
Since a(X) # 0 and F3[[X]] is a domain as Fy is a domain, we must obtain:
(X)) 4+ Xa(X)+1=0,

as required.



