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Problem 1 (Pan African 2018)

Find all functions f : Z — Z such that

(flz+y))? = f(=®) + f(y°)

for all x,y € Z.

Solution:

Plug in y = —x, and let ¢ = f(0). We have f(2?) = % Plugging in y = 0, we have
f(x)? = %4—0. Plugging in z = 0 in this gives ¢ = %%—cc:Oorc:Q. Nowifc=0, f=0
is the only solution. Else we have f(x) = 42 for all z. This means f(z?) + f(y?) = 4, always,

so for all = being perfect squares, f(x) = 2. So the solution in this case becomes f(x) = 2 for
all perfect square x and £2 for all other z. It is easy to check that the solutions mentioned
above work. Thus:

{f:12=2Z|vayel (fa+y)’ = F) + 6"}

_ {Q}U{QILA—ZILZ\A‘EIACZ, Oy C A}

where Oy := {n? | n € N}.



Problem B-2 (IMC 2012)

Define the sequence (ay,),>0 inductively by ap =1, a; = %, and

2

na;,

an41 =

Show that the series

oo

Z Ak+1

k=0 %k

converges and determine its value.

Solution:

1+ (n+1)ay

for n > 1.

By induction, we establish that a; > 0 for all 4 > 0, ensuring that the partial sums are well
defined and form an increasing sequence. Furthermore, we observe that

(1 + (k? + 1)ak)ak+1
ag ag

kak =

Summing from k& = 0 to n, we obtain

= B+ (k4 1)apyy  forall k > 1.

n n
1
> = 2 S (kar — (k4 Darn) = 5 +1-a1 = (n+ Daga = 1= (n+ Daga
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for all n > 1. A quick verification confirms that this equality also holds for n = 0.

Since (n + 1)ap4+1 > 0, we deduce that for each n > 0,

n

ST (4 1)apg < 1.

k=0 @k

This implies that the partial sums are bounded, and thus, the series > 7-
gent (converging to the supremum of the partial sums). Consequently, the sequence

a .
k+l i conver-
ag

ak+1
a

must tend to zero. In particular, there exists an index N € N such that %2+ < % foralln > N.

For all n > N, we then have

an

—1 _
a :71—[ Ai4+1 < 1 N CLN12N+1
n N a; aNQn—l—N on :

In particular, for all n > N,

na, < (a&IQN + 1) (;) .

Since 5;; — 0 as n — +o0, it follows that na, — 0 as n — +oo. Therefore,

(I—-(n+1aps1) =1.



Problem 5 (Pan African 2018)

Let a, b, ¢ and d be non-zero pairwise different real numbers such that

g+§+f+g:4andac:bd.
b ¢ d a
Show that
aybiedo
d a b7

and that —12 is the maximum.

Solution:

Firstwrited:%Sowehave%—I—S—I—%—&-%:4andwewanttosh0wthat %4—54—2—1—&—%
or equivalently (§ + g)(% + g) < —12.

Set%+2:sand§+%=t. We have s +t = 4 and we want st < —12.

We have t = 4—s and so we need s(4—s) < —12 = s?—45—12 > 0. If s < —2, this holds (indeed,
set s = —2+k and we have s2 —4s—12 = (k—2)2 —4(k—2)—12 = k* -8k —16 = (k—4)% > 0).

So assume that s > —2. Similarly, assume ¢t > —2. We have then % + % > -2 = % > 0,
so ab > 0 and bc > 0, so a,b, c, are of the same sign, 8042%—{—%—}—%—{—% >242=4 s0

a = b = ¢, contradiction, since a # b # ¢ # a.
So, at least one of s,t is < —2 and the stated inequality holds.

The equality happens e.g. when (a,b,c,d) = (2v2 — 3,3 — 2¢/2,1,—1) (and this shows
that —12 is the maximum).



Problem 3 (Silk Road 2019)

Find all pairs (a,n) of positive natural numbers such that ¢ (a + n) = 2™.
(¢(n) is the Euler function, that is, the number of integers from 1 up to n, relatively prime
to n.)

Solution:

Using the estimation ¢(b) > v/b (classic) for all b > 6, we first check the (finitely many)
cases when a solution (a,n) satisfies a” + n < 6 to find that only:

(a,n) € {(2,1),(3,1),(5,1)}

works.

Now for a solution (a,n) with a™ +n > 6 we get using the lower bound estimation:

h
@ (a" +n) 22" > Var +n.
o If @ > 4 the inequality cannot be true as then:

2" > Var +n > A+ n > V22 = 2"

so we have to check the cases when a =1, 2, 3.

e If a = 1 then using the trivial upper bound estimation ¢(b) < b—1 we get n > p(n+1) = 2",
which never holds for n > 1.

e If « = 2 or a = 3 this is more subtle. To have 3" +n > 6 we need for a = 3 that n > 2 a
for a = 2 that n > 3. We see that (3,3) works: indeed ¢(30) = 30 (1 - %) (1 - %) ( - %)
8 = 23, Since (3,2) and (2,3) don’t satisfy the property (easy to check) and (3,3) does, we
can assume n > 4. Now we claim that there is no integer n > 4 satisfying for a € {2, 3}:

nd

w(a"™ +mn)=2"

We proceed as follows:
If an integer m > 2 satisfies

p(m) = 2",
then every odd prime p dividing m must satisfy

p—1=2.
Indeed, writing m = 2* - pit -+ pSr for some distinct odd primes p;, k> 0 and e, ..., e, > 1,
since p(m) = 281 . p&=t . per=1(p; — 1) .- (p, — 1), the only way for ¢(m) to be a power of
2 is that:

o Foreachie {l,...,7}, we have e¢; = 1.

e Every odd prime p; satisfies p; — 1 = 2% for some a; > 0. In other words, every odd

prime factor of m is a Fermat prime!.

'A Fermat prime is a prime number of the form 2/ 4 1. One can easily see (mental exercise) that j
is necessarily again a power of 2. Indeed, if j is not a power of 2, then there is an odd prime p | j and

. i\ P j i\ S .
2 4+1= (2%> — (-1 = (2% + 1) < Pl qypiee (2%> >, which is a non-trivial factorization of 27 + 1

s=0
since 1 < 27 +1 < 29 41, contradicting the fact that 27 4+ 1 is a prime number. Nota bene: the only known
] 1 2 3 4
Fermat primes are 3 =2 +1,5 =22 4+ 1,17 =27 4+ 1,257 = 2*) 41, and 65537 = 2*) 4 1, and we
don’t know if there are infinitely many of them.



Hence 2" = p(m) = 281 [[/_; 2%, and so the following equality holds:

T
k—l—i—Zai:n.
i=1

If welet n >4, a € {2,3}, and
m=a"+n,

with ¢(m) = 2", then with the same notation as before:
a"+n=2".p p. =282 4 1) (27 4+ 1),

for k > 0 and some distinct odd primes p; = 2% + 1 with a; > 1 (as p; is odd) (the a; are
powers of 2, but this is not needed here). Moreover, the equality £k — 1+ >.;_; a; = n holds.
Without loss of generality, order the exponents:

1<a < <ayp.

Now let us attack each case (a = 2 or a = 3 with n > 4) separately:

-If @ = 2, then if 6 < 2" 4+ n is a prime number, this means that £ = 0 and r = 1, and
—1+a; =n, so that 2" +n =24 +1 =21 1 1 and thus n = 2" + 1 > 2" > n, which is a
contradiction. Thus, 2" 4+ n satisfying the property cannot be a prime number. Hence, it is
composite. We have the following classical upper bound for the Euler totient for a composite
natural number m:

‘P(m)_mH(l_D §m<1_min{pelﬂ’>\p\m})_m_min{pen;’!p!m}'

plm

And since m is composite (we use it here), min{p € P | p | m} < /m, so that:
p(m) <m —+/m.
Using this upper bound estimation, we get:
2" +n—2"+n> (2" +n)=2"

Noticing that the function f defined on R4 by f(z) = x — /2% 4 z is always negative (because

for all > 0 we have z(z—1) < 2? < 2% since In(z) < %), we conclude that the above inequality

cannot hold for n > 1. This shows that there is no integer n > 4 such that p(2" +n) = 2".

-If @ = 3, then by induction, one has the following fact:
t>1 = 2" +1 < 3" with equality only at t = 1,
t>3 = 28 <2 +1 <37

With this in mind, we obtain easily:

If there exists a; with a; > 3 (in particular, this occurs if » > 3, as then for r > i > 2
we have a; > 3), then 2% + 1 < 3%~! which yields:

3 <3t =202 4 1) (27 + 1) < 283% 7 [ 3% = 2k3n Tk < 37,

t=1
t#i



which is a contradiction. Thus, in particular, 1 < r < 2, and all a; belong to {1,2}.
If £ > 3, then:
3" <34 =22 £1)..- (2% +1) < 2k3u ... 3ar < gkgntloh < gh—lgndlok _ gn
which is again a contradiction, so 0 < k < 2.
Summarizing, we have that a solution 3" + n must be in the following set:

{3j tiljeEN,j> 4}m{2’“ (2% 4 1) (2” + 1)“’ | ke {0,1,2},a,b € {1,2},cq e € {0,1},a # b}

- {3j +jljEN,j> 4} n {2’“3656’ |k €{0,1,2},e.¢ € {0,1}}
= {85} N{1,3,5,9,15,25,2,6,10, 18, 30, 50, 4, 12, 20, 36, 60, 100} = 2.

This shows that there is no integer n > 4 such that ¢(3" + n) = 2™.

To summarize, the only pairs that work are {(2,1),(3,1),(3,3),(5,1)}, and this concludes.



