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Problem in example page 140 (PUTNAM and BEYOND)

Let f: R — R be a twice-differentiable function, with positive second derivative. Prove
that

fla+ f(z) = f),

for any real number z.

Solution:

If x is such that f/'(z) = 0, then the relation holds with equality. Else f’(x) # 0 and then
the following set has non empty interior:

[z + f'(x), z]U [z, 2+ f'(z)]

It is clear that one of these interval is non empty and the second is empty. The mean value
theorem applied on the non empty interval yields the existence of ¢ € [z + f'(x), z|U [z, = +
f'(x)] such that:

fO==Gsren-z ~ @

ie. fl(0)f'(z) = f(z + f'(z)) = f(=).

[+ () = fle) _ flaz+ f(2) = f=z)

If f'(z) > 0 then ¢ € [z, x + f'(z)] and because the second derivative is positive, f’ is
increasing; hence 0 < f'(x) < f'(¢). Therefore f(x + f'(x)) — f(z) > 0.

+ x] and because the second derivative is positive, f’ is

If f'(x) < 0 then ¢ € [z + f'(x),
) < f'(x) < 0. Therefore f(x + f'(z)) — f(x) > 0.

increasing; hence f/(c

In all cases:

fla+ f'(x) = f(2)



Problem A-2 (IMC 2011)

Does there exist a real 3 x 3 matrix A such that
tr(A) =0 and A%+ AT =13,
where tr(A) denotes the trace of A, AT is the transpose of A, and I3 is the 3 x 3 identity
matrix?

Solution:

We claim that no such real 3 x 3 matrix A exists. Suppose, for contradiction, that a
matrix A € R3*3 exists with tr(A4) = 0 and A? + AT = I3. Taking the transpose of the second
equation, we obtain

I =1f = (& +AT)T _ (AQ)T L A= (AT)2 4 A

Using the original assumption A% + AT = I3, we substitute:
I3 = (13—A2)2+A:13—A2—A2+A4+A:A4—2A2+A+Ig.

Thus, we obtain the matrix polynomial equation

P(A) =03 with P(X):=X*-2X%4+ X € R[X],
where 03 denotes the 3 x 3 zero matrix. We now factor the polynomial:

P(X)=X"-2X? 4+ X = X(X - 1) (X* = X —1).
It follows that the minimal polynomial of A must divide P(X), and hence the eigenvalues of
A must be among

{01,551

Recalling that the trace of a matrix is the sum of its eigenvalues (counted with multiplicity),
we obtain:
0=tr(A) = Z dimp (ker(A — Al3)) - A
Ao (A)
where o(A) denotes the spectrum of A. Moreover, taking the trace of both sides of A2+ AT = I3
gives:

3=3-0=tr(l3) —tr(A) =tr (.[3 = AT> = tr (A2) .

Thus,

tr(A?) = Z dimp (ker <A2 - ,ulg)) - .
peo(A?)



Since o (A%) = {\? | A € 0(A)}!, we obtain:

3= Y dimg (ker (A2 - >\213>) A2,
A€o (A)

By direct case-checking of the eigenvalues o(A) C {O, 1, *135‘/5}, one easily verifies that the two

conditions on tr(A) and tr (4%) cannot be simultaneously satisfied. This yields a contradiction.

Hence, no real 3 x 3 matrix A satisfies both tr(A) = 0 and A% + AT = I3.

n general, for any n x n matrix B over C (or R), write B in its Jordan canonical form
B=VJV !,

where J is a block-diagonal matrix consisting of Jordan blocks corresponding to the eigenvalues A1, ..., A\x of B,
and V is invertible. Applying a polynomial f(X) € C[X] to B gives:

fB)=f(VJIV ) =VfHV

By a simple computation, the matrix f(J) is a block-diagonal matrix consisting of Jordan blocks corresponding
to the diagonal entries f(A1),..., f(Ax). By uniqueness of the Jordan form (up to block permutation), f(.J) is
a block-diagonal matrix consisting of Jordan blocks corresponding to the eigenvalues of f(B) showing that the
eigenvalues of f(B) are precisely {f(\) | A € o(B)}, although the eigenvectors need not coincide.



Problem B-2 (IMC 2014)

Let A = (aij)?,jzl be a symmetric n X n matrix with real entries, and let A\;, A2, ..., A\,
denote its eigenvalues. Show that

dooanag; > Y N,
1<i<j<n 1<i<j<n

and determine all matrices for which equality holds.

Solution:

Figenvalues of a real symmetric matrix are real, hence the inequality is well-defined.
The trace of a matrix equals the sum of its eigenvalues. For matrix A,

Squaring both sides, we obtain:

Expanding both sides gives:

Za“+2 Z CL”CLJJ—Z/\Q—F2 Z Aidj.

1<i<j<n 1<i<j<n

It therefore suffices to show the inequality:

n n

Sa2 <Y

i=1 =1

The matrix A2, which equals AT A for symmetric A, has eigenvalues A2, A3, ..., A2 for the same
reason as the previous problem. The trace of AT A is the square of the Frobenius norm of A:

e (ATA) = Y af = (42) = Y02

7j_

Obviously 37, a2 < 37 =1 aw, the mequahty P L a? < 3", A2 follows. One sees then
that equality holds if and only if >7* =3 ii=1 a” that is if and only if all off-diagonal
entries of A are zero, i.e., A is dlagonal.

Remark. The same result holds for Hermitian matrices as for Hermitian matrices, diagonal
entries and eigenvalues are also real.



Problem 414 (PUTNAM and BEYOND)

For any real number A > 1, denote by f(A) the real solution to the equation

z(1+nz) =M\
Prove that \
lim w =1.
A—+o00 TN
Solution:

The function h : [1, +oo[— [1,+oo[ given by h(t) = t(1 + Int) is strictly increasing, and
h(1) = 1, limy—, 400 h(t) = +00. Hence h is bijective, and its inverse is clearly the function
fi[l,00) = [1,00), A = f(A) satisfying A = f(A)(1 + In(f(N))). Since h is differentiable with
B'(t) = 2 + In(t) which never vanishes for ¢ € [1;+o0[ so is f, and

11
W) 2+ f(A)

f') =

Also, since h is strictly increasing and limy_, o h(t) = 400, f(A) is strictly increasing, and its
limit at + infinity is also + infinity. Using the defining relation for f(\), we see that for A > 1:

AT G N T S
N X I+nfON

Now we apply L’H6pital’s theorem and obtain

1
lim @ = lim —2—— = lim m(2 +1n f(N)
A——+o00 X A——+o00 m . m A—4oo A
B 2+Inf(\) . 1 B
=0 oy LR Ty T

where the last equality follows from the fact limy_, ;o In f(A) = +00. Therefore, the required
limit is equal to 1.



Problem A-4 (IMC 2014)

Let n > 6 be a perfect number, and let n = p{" - - - pi* be its prime factorisation with
l<pr <... <pg.

Prove that e; is an even number.
A number n is perfect if s(n) = 2n, where s(n) = 3 N54),, d is the sum of the divisors of n.

Solution:

Suppose that e; is odd, contrary to the statement. We know that

k e; )
s() =TI | D_pl | =20 =207}
i=1 \j=0
Since e; is an odd number, p; + 1 divides the first factor?:

1

e;—1 e;—1 €1-
€1 2 2 2
Sopi= X 7|+ T =0+p)| D P
J=0 J=0 J=0 Jj=0
so p1 + 1 divides 2n. Due to p; + 1 > 2, at least one of the primes p1,...,pr divides p; + 1.
The primes ps, ..., pi are greater than p; + 1 and p; cannot divide p; + 1, clearly p; doesn’t
divide p; + 1 (else p; would divide 1) so ps must divide p; + 1 i.e. It € N* with p; + 1 = ¢po.
Since tps = p1 + 1 < 2p1 < 2po, this is possible only if ¢ = 1 i.e. po = p; + 1, therefore p; = 2
and pa = 3 (the only two consecutive primes are 2 and 3). Hence, 6 | n.

Now n, 5, 3, 5 and 1 are distinct divisors of n, so by definition
i 1 1 1
o "R sy > S D T = <1 i ) 1=2n+1>2
n s(n)_n+2+3+6+ n{l+g+g+e)t n+ n,

which is a contradiction.

Remark. The perfect numbers with a first power odd must therefore be smaller than 6. One
can check that the only perfect number n < 6 is 6 = 2 - 3 and this one has an odd first power.

2one could also see it as follows. Since:

e —1 e;—1

(1+p1) Z(—pl)j ,(1—p1) Z(—m)j —{<1—pfl;l>,(1+pfl;l>}

j=0 j=0

where identifying which one is which one depends on the parity of < 1 We must have that

0 an (1—pf12“> (1+pf12“ ) <1+p1>(2?201(—101)7‘)(1—p1><2f%1<—p1>j>

St _
1 1—p1 1—p1 1—p1

Jj=0

e;—1
2

=(1+p) | Y (=)
j=0
Comparing with the previous factorization and using its uniqueness yields:

e;—1 ep—1 2
2

dovt ] =| D m)

=0



