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Problem: unknown
Find all real solutions to the equation
9% + 4% + 2" = 8% + 6% + 1.

Solution:

It is easy to see that x = 0, z = 1, and x = 2 are solutions. So the equation has at least 3
distinct real solutions. Let us introduce the function f : R — R defined by

f(z) =9" +4% 4 2% — 8* + 6" + 1.

As stated above, f has at least 3 distinct zeros. We claim there are no other roots. By Rolle’s
theorem, if a function ¢g : R — R has at least n > 2 zeros x; < -+ < xp, then the function ¢'(z)
has at least n—1 zeros y; < -++ < yn—_1, where foreach i =1,...,n—1, we have z; < y; < x;11.
In particular, since for each a € Rsg, a~%g(x) has at least n zeros, we have that (o %g(z))’
has at least n — 1 zeros, and so does the function

hag(x) = a” (a""g(x))" = ¢'(z) — In(a)g(x).
Suppose f has another zero not in {0,1,2}. Then f has at least 4 zeros, and thus
hif(z) = f'(x) = In(9)9% + In(4)4” + In(2)2” — In(8)8" — In(6)6"
has at least 3 zeros, which then implies that

hehif(x) = f"(x) — In(6) f'(z)
—n <2) In(9)9” + In (2) In(4)4° +In <§) n(2)2 — In <2) In(8)8”

has at least 2 zeros, which again implies that

hgheh1f(z) = In <Z> In (2) In(9)9* — In <;l> In (g) In(4)4* —In (;) In <§> In(2)2*

has at least 1 zero.

The function hghghyf(x) is of the form k92% + k4d® + k99*, for ko, k4,k9 > 0 and hence
is always positive. Therefore, hghghi f(z) cannot have any real zero. This is a contradiction
to the assumptions hence the solutions of the original equation are exactly {0, 1,2}.



Problem: 2 Bernoulli Competition 2023

Let e be Euler’s number. Show that for any odd prime p, the integer

U420+3 44 (p— 1) - W:})'J

is divisible by p.

Solution:
First note that: .
1 1 1 1 % (—1)¢
PR TR TRt TR D
=0
Thus, we have
(p-1' | (Dip-1)
e - .z;) 7!
7=

Notice that:

m ez
= il
We argue that the tail ;7% 1 % €]0; 1], indeed since p is odd:
io (=)' (p—1)! _ g’f ( -1 (-1 )
R Z\p-1+2)  (p+2))
. . . . —1) —1)! —1)!
is certainly bigger than 0 since each term <(p(_p1j%j)! — ((;f)+21j))!> = (p(_pljgj)! (1 — pJ:Qj) > 0.
Similarly since p is odd:
¥ - zl_i(@—l)! IR )
Pl il S \+2)! (p+2i+1)
is certainly smaller than 1 since each term (((5;2?)!! — (pgjﬁi)!) = ((;‘;04:21})!!( — p++3+1) > 0.
Therefore,
{(p — 1)!J _ pz (=D'(p —1)!
e Pt 7! ’
Now note that for each 0 < j < p — 1 we have j = —(p — j) (mod p) and thus for fixed
0<i<p—1: ‘
-1 (p—1)! . .
CUB= D i+ 0i+2)- - 1)
=(-D'p—(+D))p—(i+2) 1P = (p— (i+ 1)) (mod p),
where we used that there is p — (i 4+ 1) factor in (p ) and the fact that p is odd again. Hence,
we have

{(_UJ Pf( (1+1)) '—Zz' (mod p),

e
=0
since i — p — (i + 1) is a bijection from [0,p — 2] to [1,p — 1]. This shows the problem’s
statement.



Problem: Example p.140 PUTNAM and BEYOND

Find all real solutions to the equation
4% 467 =5 4 57

Solution:

Note that x = 0 and = = 1 satisfy the equation from the statement. Are there other
solutions? The answer is no, but to prove it we use the amazing idea of treating the numbers
4, 5, 6 as variables and the presumably new solution = as a constant.

Thus let us consider the function f(t) = ¢** 4 (10 — ¢)*. The fact that z satisfies the
equation from the statement translates to f(5) = f(6). By Rolle’s theorem there exists
¢ € (5,6), such that f’(c) = 0. This means that

22c7 1 = (10 — ¢)* 1 =0,

or
2

xe® 1= (10 — ¢)" L.

Because exponentials are positive, this implies that x is positive.
Ifz>1,thena? —1>xz—1landasc>5

(10 —¢)* 1 = 2l s Pl s ol s (10 — ¢)* 71,

which is a contradiction.

If0<x<1,then 2?2 —1<2—1 and:

(10 —¢)* ! = 2l < gL

Let us prove that
™t < (10 — ¢)* L,

With the substitution y = x — 1, the inequality can be rewritten as
10 — ¢\Y
y+1< . .

which must be proven for y €] — 1;0[.

Lets make a simple analysis of the two functions defined over R.

The exponential has base less than 1, so it is strictly decreasing, while the affine function on
the left is strictly increasing. The two meet at y = 0 so we must have that strictly before
y = 0 the exponential is strictly bigger than the affine. The inequality (on | — 1;0]) follows.
Using it we conclude again that: (10 — ¢)** = z¢**~! < (10 — ¢)** which is a contradiction.
This shows that a third solution to the equation from the statement does not exist. So the
only solutions to the given equation are x = 0 and x = 1.



Problem: 3 Bernoulli Competition 2023

Let n > 1 and A be a n x n symmetric matrix over Fo = Z/2Z with 1p,’s on the main
diagonal. Show that the vector composed uniquely of 1,’s is in the image of A.

Solution:

Define the standard binary product on the finite dimensional Fo-vector space 3, i.e.,

n—1
<U, ’LU>1F; = Z V;W; .
i=0
It is easy to see that (-, -)pp is Fo-bilinear, symmetric and non-degenerate that is:

o € 73 ((vw € F3 (v, w)ry = Ok, ) — v = Ory )

Since (-, -)pp is symmetric and non-degenerate, we have for any Fa—subspace W C I3,
i
() -

where Z+ = {v € F} | (v, z)rp = O, Vz € Z} for any Fa—subspace Z C F3. For a proof of
this classical fact, see the Appendix [A].

With this being introduced, lets take an n x n-matrix A with diag(A) = 1. Now write
A = (a;j)1<i,j<n With a;; = 1g, and a;; = aj;. Then we have for any v € Fy,

n n—1
_ Y — 2 oy — R
(v, Av)pp = Z VU Gij = Zvi +2 Z ViV Qi = Z v = <v, 1F3>Fn ,
0<i4,j<n—1 i=1 0<i<j<n—1 i=0 2
because we are working over Fy. In particular for any 2 € Im(A)+ C F3,

(z, Drp = (2, A2)pp = Op,,

since Az € Im(A) and z € Im(A)*. As z € Im(A)* was arbitrary, we must have

ey € (In(A)Y) " = Im(A).



Problem: unknown

Find all differentiable functions f : Ryg — R+ having at least one fixed point a € Ry
satisfying:
f

F=5or

Solution:

The identity function obviously works. We claim this is the only solution. Let f : Rsg —
R+ be a differentiable function with a fixed point « > 0 and satisfying:

it
fof

Note that f is continuous (since f is differentiable), therefore we can integrate it and define
for any =z > 0:

f/

Fz) = /;f(t) dt.

The first fundamental theorem of calculus gives us easily that ' : Rsg — R is continuous. More-
over, since f is continuous, F' is everywhere differentiable with F’ = f (this holds for both z > «
and 0 < z < «). Because f is always strictly positive, F is strictly increasing and thus injective.

Fix 2 € R-¢. From the given equation (valid for all ¢ > 0),

F@&) = fF@O)V() = F'(f0))f(t) = (Fo £)(1),

we obtain the continuity of (F o f)" and so its integrability, thus:
Fa)= [ 0t = [ (Fop)()dt = (Fo f)@) - (Fo f)(a),
where we used the second fundamental theorem of calculus for the function (F o f) (this holds

for both + > cvand 0 < = < «).

Now, using the fact that « is a fixed point of f, we get F'(f(«)) = F(a) =0, s0 F(x) = F(f(z)).
By the injectivity of F', we conclude that f(z) = x. Since x > 0 was arbitrary, the proof is
complete.

Bonus: What happens if f has no fixed point?

Solution:

Let f: Rsg — Ry be a differentiable function satisfying;:

_
fof

such that f has no fixed point. Note that f takes positive values, so we must have that
= f?ff takes strictly positive values. Therefore, f must be strictly increasing and hence
injective. From this, we derive the equivalence V5 > 0:

f(B) =1 f(B) = f(f(B) & f(B) = 5.

f/




Thus, the existence of a fixed point 3 > 0 is equivalent to the fact that f/(8) = 1. Since f has
no fixed point, f’ can never take the value 1. As we have seen in the first part, f is continuous,
so must be f o f, and thus f is continuous (being the quotient of the continuous function f
with f o f). Knowing this, we infer that we cannot have one value of f’ strictly bigger than 1
and one value strictly less than 1; otherwise, by the intermediate value theorem (or simply
because the image of a connected set is connected), we would have 1 as a value of f’. Hence,
we must be in two cases:

either Vo > 0, f'(z) > 1 or Vo > 0, f'(x) < 1.

o If V2 > 0, f/(x) > 1, then in particular, f’(1) > 1, so f(1) > f(f(1)). Since f is strictly
increasing, we must have 1 > f(1) (if 1 < f(1), then f(1) < f(f(1)), so f(1) < f(1), a
contradiction). Since f’ is continuous, it is integrable over any compact interval in Rs.
Because Vt > 0, f'(t) > 1, we have for any 0 < z < 1:

f(l)—f(x):/:f’(t)dtz/:ldtzl—x

where we used the second fundamental theorem of calculus for the functions f’ and 1 and the
fact fxl _dt is increasing from the space of real-valued integrable functions over [z, 1].

Thus, Vx > 0 with = < 1,
fla) < (F(1) = 1) + =
But then, for any 0 <y < 1— f(1) < 1, we have f(y) < 0, contradicting the positivity of f.

e This means we must be in the latter case Vo > 0, f'(x) < 1. Here the problem be-
comes significantly more challenging. Since f’(z) is determined by the value of f at x and its
composition fo f at x, and because f(f(x)) > f(z) (as f/(x) < 1), the derivative f'(x) depends
on values of f at points beyond f(x). This leads to a non-causal delay differential equation.
We will classify all differentiable functions f : Rsg — Rsq satisfying Vo € R f/'(z) < 1 and:

_
fof

Not done yet; I have some incomplete arguments. See the related MathStack Exchange thread
If you have a solution, send them to me:
antoineQdu— fresne.ch

f/

Remark. The fundamental solution exhibits delayed dependence, making the system non-
Markovian. For numerical constructions, see this interactive graph. We thank everyone that
participate in the related MathStack Exchange thread.


https://math.stackexchange.com/questions/5051989/solve-the-differential-equation-f-f-f-circ-f
mailto:antoine@du-fresne.ch
https://www.desmos.com/calculator/hfizeaaf9k
https://math.stackexchange.com/questions/5051989/solve-the-differential-equation-f-f-f-circ-f

A

Let F be a vector space over a field K, and let B: E x E — K be a symmetric K-bilinear
form. For any subspace Q C F, the orthogonal complement is defined by

Q" :={veE|VgeQ, B(q,v) =0x}.
It is clearly a K-subspace of E. The map

v E— QY v B(,v)],

is K-linear (since B is K-bilinear) and has kernel Q-+, because
v Eker (pg) <= g (v) =0g- —= Yw € Q, B(w,v) =0 < vecQ'.

If dim (Q) is finite, then dim (Q) = dim (Q*)'. Hence, by the rank-nullity theorem, we obtain
a standard general inequality

dim (E) = dim (ker (¢q)) + dim (Im (¢g))

= dim (QJ‘) + dim (Im (pg)) < dim (QJ‘) + dim (Q*) = dim (QL) +dim (@) .

The form B is non-degenerate if E- = {0g}. Hence ¢ is injective if and only if E+ = {0z},
that is, if and only if B is non-degenerate. If B is non-degenerate and dim (F) is finite, then ¢g
is an isomorphism. Indeed, since dim (E) = dim (E*), injectivity of ¢ g implies its surjectivity.

Examples: For any n € N>, we define on the finite dimensional K-vector space K" the
standard binary product (-, )gn : K" x K" — K, i.e.,

n—1
(v,W)gn = Z VW5
i=0

It is easy to see that (-,-)gn is K-linear in the first coordinate, symmetric (so K-linear in the
second coordinate and thus K-bilinear) and non-degenerate that is:

Vo e K" (Yw € K™ (v,w)gn = 0x) — v = 0gn)

(Just plug the canonical basis for w that is for each i € n take w = e; and use the fact that
v; - 1g = v; to conclude v; = O, and thus v = Ogn).

Theorem 1 (Double Orthogonal Complement). In this setting, if dim (F) is finite, B is
non-degenerate, then

1. For any K-subspace @Q C E; dim (E) = dim (Ql> + dim (Q).

1
2. For any K -subspace Q C E; (QL> = Q.

Proof. 1. Using the fact that g is an isomorphism, we have that (¢g)|o. is an isomorphism
onto its image:

m ((pp)lgr) = {B (=) [ve @'} ={f e B* Vg€ Q, f(g) =0} = Q".

!Given an ordered basis (Wi);cdim(q) of @ (which must be finite), one has an ordered basis (w;)
Ajw; € Q to A;.

icdim(@) Of

* i *. —
Q*, where each functional w;: @ — K sends a vector v = Z].edim(@



The middle equality’s D inclusion follows from the surjectivity of pg and the definition of Q.
Thus, dim (Qi) = dim (Q°).

Now, given an ordered basis <wi)i€dim(Q) of O, complete it into an ordered basis of E:

<wi>i€dim(Q) — <Uj>j€dim(E)fdim(Q) :

Then:

iedim(@) <vj >jedim(E)—dim(Q) ’

where each functional sends a vector v = 3 icqim(Q) \jWj + Zicdim(E)—dim(Q) 1iVi of £ to A;
or v;, respectively, is an ordered basis of E*. This basis satisfies the following property: if
f € E*, then we can write

f= Z f (wi) wi + Z f (vj) vj.

iedim(Q) Jjedim(E)—dim(Q)

(w

In particular, if f € Q°, then f =} ;cqim(r)—dim(Q) f (vj) v}, because {w; | i € dim (Q)} C Q.

Thus, <v>'-‘

]> o _ generates Q°. Since these vectors are K-linearly independent, we
jedim(E)—dim(Q)

obtain
dim (E) — dim (Q) = dim (Q°) .

In total, we obtain for any K-subspace Q of F,
dim (Q*) = dim (Q°) = dim (E) — dim (Q).
which gives our desired equality.

i
2. Let Q C (QL) : Let ¢ € Q, then,

YoeQ, 0=DB(qv)=B(v,q) = q€ (QL)L
Since Q1 C E is a K-subspace, we must have:
dim ((QL)L> = dim (E) — dim (Q") = dim (E) — (dim () — dim (Q)) = dim (@)

1 1
We conclude Q = (QL) since Q C (QL) and they have the same (crucially finite)
dimension. n



	

