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Problem A-2 (IMC 1999)

Does there exist a bijective map 7: Nsg — N5 such that
oo
m(n
> T <o
n
n=1
Solutions:

Solution 1.

No. For a very quick and clever solution, if we let m be a permutation of Ny and let
N € N, we shall argue that

N xn) 1
> 5 >y
n=N+1

In fact, of the 2N numbers 7 [[N + 1;3N]] = {m(N + 1),...,7(3N)}, only N can be smaller
than or equal to N, so at least IV of them must be strictly bigger than N. Hence,

%V: 7(n) 1 %V: 1 1

—L > m(n)>—— -N-N=—_.
2 = 2 = oN?2

n=N+1 n (3N) n=N+1 IN 9

The result follows directly because we have the infinite decomposition N~ = | |yesn[N+1;3N].
Alternative solutions. There are two more solutions, both of which use the following fact:

Let 7 be a permutation of N*. Fix N € N*: the set of numbers 7 [[1; N]] = {=(1),...,7(N)}
is of size N, i.e., the numbers are distinct positive integers. Thus, it is easy to prove' by

LFor the case N = 1, take 13 = idpy;17. The condition holds vacuously as [1; N — 1] = @.

Now assume the result holds for N > 1. We prove it for N + 1. By the inductive hypothesis, there
exists a permutation tx: [1; N] — [1; N] such that 7 (en (2 +1)) > 7 (en(9)) for all ¢ € [I; N —1]. If
(N +1) > 7 (n(N)), define tn41 = env U{(IN+1,N + 1)}. This extends ¢n to [1; N + 1] while preserving
the order, so the result holds. Else, by injectivity, equality is impossible, so m(N + 1) < 7 (¢x(NN)), and hence
we can take k to be the smallest index in [1; N] such that w(N + 1) < 7 (¢n(k)). Define:

in41 = N |pe—1g U{(E, N + D} U{(E+1,en(t) |t € [k N]}.

This changes the value at k to N + 1 and shifts the rest to take the preceding value. Clearly, ¢ty is a bijection,
and ¢n41|[1;6—1] preserves the order. By choice of k, m (in41(k)) = (N + 1) < 7w (en(k)) = 7 (v (k +1)).
Now if k > 1, then by minimality (and again by injectivity), we have 7 (tn41(k)) =7(N+1) > 7 (en(k—1)) =
m (en41(k —1)). In all cases, tN+1|[1;5+1] Preserves the order. For N > i > k, we have 7 (tn11(i 4+ 1)) =
m(en (i) > 7 (en(i— 1)) = 7 (tn+1(2)) by the inductive hypothesis. In total, ty 11 satisfies the required ordering.
This concludes the induction step and hence the induction.



induction over N* that there exists a permutation ¢y : [1; N] < [1; N] such that:
Vie [, N —1], w(n(i+1))>m(n(i)).

Solution 2.

Fix N > 1. From our proposition above, it follows that there is a permutation ¢y of [1; N]
such that for all ¢t € [1; N — 1], 7 (env(t+ 1)) > 7 (en(t)). In particular, since 7 (en(1)) > 1,
we get trivially by induction that for all ¢t € [1; N], 7 (¢ea(2)) > ¢, so that:

N N N
. . . N(N+1
7(i) = Y m (o) 2 30 = M,
i=1 i=1 i=1
and this holds for all N € N*. Now we perform the very useful-to-know Abel transformation
on the finite sequences 7|f;;yy and ( ! ) N to obtain:
n<
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Solution 3.

Fix N > 1. Again, from our proposition, there is a permutation ¢y of [1; N] such that
forallt € [I; N — 1], 7 (en(t+ 1)) > 7 (¢en(t)). We are in the following situation:

1
Wﬁ...g

7 (en(1) < - <7 (en(N))

By the very useful-to-know rearrangement inequality, we obtain:

—_
w"_'

N

Thus,


https://en.wikipedia.org/wiki/Summation_by_parts
https://en.wikipedia.org/wiki/Rearrangement_inequality

Problem 2 (IMC 1994)

Let f € C! (Ja,b[,R) with lim,_,,+ f(x) = +o0, lim,_,;- f(x) = —o0, and f'(x) + f*(z) >
—1 for all x € |a,b]. Prove that b —a > m and give an example where b —a = 7.
Solution:

From the inequality, we obtain:

d _ [
o (arctan(f(z)) +z) = T 2(2) +1>0

for all z € Ja,b[. Therefore, the function arctan(f(x)) + x is non-decreasing on |a, b[. Taking
limits as x approaches the endpoints, we get:

lim (arctan(f(z)) + z) = g +a, lim (arctan(f(z)) +x) = —g +b.

T—a z—b
> <
Hence
| ra<-T4b
JR— a JE———
2 - 2 ’

which implies b — a > 7.

Equality is achieved when:

f(x) = cot(z) = ‘;f;((g a=0, b=m,
since for any x € |0, 7[, we have:
f'(z) + f2(:n) - _sin;(as) + (s:;)ri((i)) - _Ziﬁigg =-L
and the boundary conditions are satisfied:
gcl_i}r(r)lJr cot(z) = o0, ;gr}r cot(z) = —o0.

> <



Problem B-3 (IMC 2005)

In the linear space of all real n x n matrices, find the maximum possible R-dimension of
an R-linear subspace V such that

VX,Y €V, tr(XY)=0.

(The trace of a matrix is the sum of its diagonal entries.)

Solution:

For {0,,x }, we have
tr (Onxn : Onxn) =tr (Onxn) = 0,

so it is clear that an R-subspace satisfying the condition exists. Denote by V' such a subspace
with the maximum possible R-dimension (necessarily less than n?).

Now, if A is a symmetric matrix, then:
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which is the sum of the squared entries of A (the Frobenius norm squared), and is strictly
positive as long as A # 0,,x,. Therefore, V' cannot contain any symmetric matrix except 0y, p.

Denote by S the R-linear space of all real n x n symmetric matrices; its R-dimension is
clearly % Since VNS = {0,,xn}, we have

dimg (V) + dimg (S) < n?,

which gives
1 —1
dimp (V) < n? — ”(”; ) _ ”(”2 ),

n(n—1)
2

of strictly upper triangular matrices clearly has R-dimension
condition.

Thus, the maximum R-dimension is bounded above by . This bound is tight: the space

n(n—1)

5— and satisfies the given

Therefore, the maximum R-dimension of subspaces V satisfying the given condition is "("2_1).




Problem 4 (Bernoulli Competition 2024)

Let n,m € Nyg be positive integers, with m > 3, and let A € Z™*". Suppose A has finite
order (Fk € Nyg, A* = I,,) and satisfies

A=1, (modm)?

Prove that A = I,,, and find counterexamples when m = 2.

Solutions:
Solution 1. of A =1,

Since A = I,, (mod m), there exists B € Z"*" such that A = I,, + mB. Then we have
the following equality of characteristic polynomials:

Penar, A (X) = det@(x) (XI,—A) = det@(){) (X —-1)I,—mB) = Pehar mB (X —-1).
Therefore, @ € C is an eigenvalue of A if and only if oo — 1 is an eigenvalue of mB; that is

(since m # 0), if and only if <1 is an eigenvalue of B.

Since 3k € Nyg with A¥ = I,,, any eigenvalue o € C of A satisfies of = 1; thus, they
are k-th roots of unity and lie on the unit circle S!, i.e., |a|c = 1. Any eigenvalue 8 € C of B
then satisfies (here m > 3 is crucial):

<1

m

m m

Ble =
Now we prove that 0 is the only eigenvalue of B: ¢ (B) = {0}.
From this point, there are multiple ways to proceed; we present two approaches here.
Using Vieta’s formula.

Since Z is a unique factorisation domain (UFD), so is Z [X], and we can factor the characteristic
polynomial of B (which is of degree n > 1), Penar,5 (X) = detg(x) (X, — B) € Z[X], as a
product of [ € N* unique irreducible polynomials (up to invertible elements, which here are
+1). Since Pepar,p (X) is monic, the irreducible polynomials must have leading coefficients
in Z* = {£1}. Therefore, they must have degree at least one (without this information they
could have been irreducible elements of Z C Z [X]—mnamely, the primes up to sign). Hence, we
may assume them to be monic (by multiplying, ubi opus est, by —1). That is,

I{P;(X) |Viel, P;(X) is irreducible and monic} C Z, [X]\ Z

such that
Pchar,B (X) - HB (X) :
i€l
Now, let 3 be an eigenvalue of B, i.e., 3 € Rootp, . (x) (C). Hence, there exists j € [ such that
B € Rootp,(x) (C). For a certain s; € N5 and distinct complex numbers { ;3; | i € s;} C C,
we have

ROOtpj(X) (C) = {Jﬂz | i€ Sj}.

2For an integer u € Z, = (mod u) is the relation on the set of integer matrices U, LN 7™ where C = D
(mod u) & 3Ir,l € N*,C,D € Z™*' ¥ (i,5) € r x I, u| (C — D) (4,7). It is an equivalence relation.




As we have seen above,
ROOtPchar,B(X) ((C) C D,

so { ;B | i€ sj} CD. However, since these are the roots of P; (X), we must have, by Vieta’s
formula, that their product equals (up to a sign) the constant term of P; (X):

11 i8i € {£P;(0)}.
iESj
Then

11 i

1ES;

= H |jﬁi|(c <1l

C 1€8;

Since P;j (X) € Z[X], we must have P;(0) € Z, and because |P;j(0)|. < 1 we must have
P; (0) = 0. Therefore, 0 is a root of P;, and thus X divides P; (X) in Z[X]. Since P; (X) has
degree at least 1 and is irreducible in Z [X], this cannot happen unless P; (X) has degree 1.
So P;j (X) = kX for a certain k € Z\ {0}. Since P; (X) is monic, k = 1, and we conclude
P; (X) = X. Hence g = 0, since it is a root of P; (X) by choice of j. As § € o (B) was
arbitrary we conclude o (B) = {0} (because o (B) # ©).

1P (0)l¢ =

Using the following equivalence.
Lemma. One has o (B) = {0} & 3t € N,Vk € [1,n], tr (BHk) =0.

This equivalence, along with several others, is proven in a generic form in Appendix [A.3].
It thus suffices to show that IM € N,VN € N>/, tr (BN> = 0.

As shown earlier, all eigenvalues of B lie inside the unit disc: Root Penar.5(X) (C) ¢ D. Let
B € D™ be any vector (the order in this vector doesn’t matter) of exactly all the eigenvalues of
B, counted with their respective algebraic multiplicities, so that o (B) = Root Petar 5(X) (C) =
{Bi | i € n}. By the Spectral Mapping Theorem [A.1], one has that Vk € N:

tr (Bk) = ZBf

1EN

Let v € o (B) be an eigenvalue of B. Since |y|c < 1, we have 4V E) 0. Therefore:
N3N—+o0o

w(BY) & o
NS N—+o0
as it is a finite sum comprising a total of » summands tending to zero. However, as B € Z™*",
we have Vk € N, B¥ € Z"*"_ so for all k € N, tr (Bk> € Z. Hence (standard), there exists

M € N such that for all N € N>y, tr (BN) = 0, as desired.

This concludes the two different approaches to show that o (B) = {0}. We can now quickly
finish the problem. All the eigenvalues of B are 0; this is clearly equivalent to Pepar g (X) = X™.
According to the Cayley-Hamilton theorem, B"™ = 0,,x,, so B is nilpotent and thus mB is
nilpotent. Now, use the following

Lemma. Let F be a field of characteristic char(F) =0, I € N5g, and N € F>X! be a nilpotent
matriz. If I; + N has finite order, then N = 0;y;.



The proof can be found in a slightly generalised framework in Appendix [A.6].

Apply this result to the field Q with n > 1; since mB € Q™*" is nilpotent and A = I,, + mB
has finite order, we conclude that mB = 0,,x.,. Hence, A = I,,, and this concludes the proof.

Solution 2. of A =1,

Assume for contradiction that A # I,,. Since m > 3, m must be divisible by some prime power
greater than 2, that is, there exists p € P a prime number and ¢ > 1 such that p¢ | m and
p¢ > 2 (if p =2, then ¢ > 2 necessarily). In particular, from A = I, (mod m), we must have
A =1, (mod p°).

Since A # I, there is (i,j) € n x n such that (A — I,,) (4,5) # 0, and so
¢ < vy (A= L) (i,4)) # +5%,
where v,: Q = Z U {400} denotes the p-adic valuation. We can thus let
¢ = min {v, (A — 1) (1,7)) | (i, ) € n x n} > c.

Then ¢ € N is (by construction) the largest integer such that A = I,, (mod p¢). Conse-
quently, we define

1
B = 1? (A — In) € ann,

for which (by definition of ¢’), B € Z"*™ and B # 0,,x,, (mod p).
Since A has finite order, there exists k € N* with A* = I,,; furthermore, k > 2 because A # I,,.
We want to expand:

Lf:Ak:(%+dey.

This can be done (happily) by the binomial theorem since I,, and p¢ B commute, and we

obtain:
LA AN
I, = ' B

1
This implies:
kore\ L,
Z (.)pw B' = On><n7
; )
i=1

or equivalently (since k > 2), we obtain the equation:
Ok e ,
Z <'>pzc Bt — _kpc B.
; i
=2
We shall show that this leads to a contradiction. Let ¢ := v, (k) > 0. We prove:
—kp® B # 0y (mod p® e+, (1)

whilst
k: k s : / /!
§:<.>#CB’E(MXn (mod p® T 1), (2)
; 7
=2
which is impossible by the derived equation above.
For (1): because v, (k:pcl) = 4+ and B # 0,,x, (mod p), we have —kp®B % 0pxn

7



(mod p¢+¢"*1) (but obviously kp® B = 0y, (mod p¢T¢")).
For (2): let 2 <14 < k, note that z'(lf) = (k’i!i)! is divisible by k, hence by pcn, whilst the largest
power of p dividing 4! is classically bounded above by the famous Legendre’s formula:

+oo

+o00 . .
=3 ?J< Lot

o b

. Assume for the sake of contradiction that {

=
<, (i1). As v, (i) =

V:ll +1<pi1:»(p—1)<bi:”+1) <i.

J<vp( ). Since

bS]

We claim that v, (i!) <
i—1

+

both are integers, {p_lJ J 4+ 1 > 1, we obtain:

p
Again, since 7, (p — 1) Q + 1) are integers, we have:

(=R e

However, by definition of the floor function:

i_1<v_1J+1:>'<( 1)<V_1J+1>+1
p—1 [p—1 e p—1 '

*3

Combining:

that is, ¢ < i, a contradiction. Thus, v, (i!) < {

() () - w( ()) |

Ifp=

i—1 _ . .
1 =1— 1, so:

1—1

-/ "o
¢ + ¢ {p—l

J:i(c’—1)+c’/+1

>2(d -1+ +1=+"+(-2)+1>+"+1.

If p > 3, then =L < i1 g0 that U}:

— ST 11J < {%J, and thus:

il V—lJ il 4 V_lJ
p—1] "~ 2

3A quick proof of this formula for p € P and i > 1 proceeds as follows: define M := max {v, (t) |1 <t < i},

ton 5@ = Tiu® = T (S1) = Seepcnt = S5 (S0 -

Pzt Pzt Pzt
S (el k)] = S [{rhe < s e oo} = 2 {5 €Nool s <} = T, [ 5] -
“+oo

i1 pJ . Here, we use the total multiplicativity of v, for the first equality; the interchange of sums
is justified by their finiteness. The final equality follows from the definition of M, since if j € N is such that
j > M, then j > vp (i), hence p% < 1, and thus {p%J = 0. The remaining equalities follow from elementary

counting.


https://en.wikipedia.org/wiki/Legendre%27s_formula

-1
:c’—i-c”—i-(z'—l)c'—v JZC’—}—C”—l—(i—l)—V 5 J

;— 1
:c’—l—c"—i—[Z 5 —‘>cl+c"+1,

where we used the fact that for an integer r € Z, we have r — |§| =
break r into two cases based on its parity: 2t or 2t + 1) and that i — 1

In all cases for p:
k\ Lo
() 2 e

and so p¢ ¢! divides (]:) pic. As 2 < i < k was arbitrary, we get that:

(5] (for this equality,
> 0.

k
k L, /I
Z (Z,)pw B'=0,x, (modp®teTh),
i=2

This shows our desired contradiction. Thus, our initial assumption must be false and A = I,,.
This concludes the proof.

A counterexample for general n > 1 is easy to find, for example, —I,. If we want to
find one that is not a diagonal matrix, we split the cases between even and odd dimensions.
When n = 2k > 0, we place k copies of a 2 x 2 counterexample block (which satisfies the
condition) along the diagonal; when n = 2k + 1 > 0, we place k copies of the same 2 x 2 block
and a final £1 on the diagonal:

1 2 0 0 0
O -1 0 --- 0 0
o o 1 2 - 0
0O 0 0 —1 --- 0 € 72kx2k
1 2
0 0 0 O 1
1 2 0 - 0 0 0
0O -1 0 --- 0 0 0
0O 0 1 2 0 0
0 0 0 -1 0 0 € 7,(2k+1)x(2k+1)
0 0 0 0 ! _21 0
0 0 0 O 0 +1




A
Al

We recall the following important theorem:

Theorem 1 (Spectral Mapping Theorem). Let F be a field, r € Nsg, and A € F"™*". Let
F > F be the algebraic closure of F. Let Q € FY¥[X]. Let o (A) = Rootp,,,, 4(x) (]Falg)
be the set of all eigenvalues of A, and for each A\ € o (A), let my := TP para (X) (N\) be the
algebraic multiplicity of X\ in Pepar A (X). The Spectral Mapping Theorem (easy to prove
once one knows that every matriz in (F“lg)rw is similar to an upper triangular matrix over

9 ) states precisely that Pepargay (X) = Iheoa) (X = Q (N)™*. Recall that 0p :=1p. In
particular:
7 (Q(A) ={Q(\)|Aea(A)}CF,
\V/K/ < Falg’ mPchm‘,Q(A)(X) (I{) = Z m,u’
pea(A)
Qu)=x
If we let \ € (Falg)r be any vector (the order in this vector doesn’t matter) of exactly all the

eigenvalues of A counted with their respective algebraic multiplicities, then Q(\) € (IF‘”g)r

(each coordinate is evaluated through Q) is a vector of exactly all the eigenvalues of @Q (A)
with their respective algebraic multiplicities. Hence (by standard formula linking its trace and
determinant to its eigenvalues):

tr(Q(4) =) QN),

ier

detea (Q (4)) = [TQ ()

ier
A.2
The following lemma is helpful.

Lemma. Let R be a commutative unital ring which is a domain, together with the canonical
morphism cang: Z — R, and write for any integer k: kg := cang (k). Then for all m € N>
such that char (R) = 0 or m < char (R), the set

Sm::{/\:m—>R

teNVEke[l,m],) Nt = OR}

1EM

is equal to the singleton set {0,,}, where 0, : m — R is defined by i — Og and where 2° = 1
even if = Og.

Proof. This is proven by induction on m € N>j, assuming char (R) = 0 or m < char (R).

Base case m = 1: The condition char (R) = 0 or 1 < char (R) holds because if char (R) # 0, it
must be a prime number (since R is a domain), meaning char (R) > 2 > 1. We then have:

51:{)\11—>R

3t € N,Vk € [1,1], 3 AHHF :oR} clear {)\: 1 R‘Ht e N, A1 :oR}.
i€l

10



Clearly, since R is a domain, )\BH = 0g = Ao = Og (trivial induction). Hence, S; = {0;},
which establishes the base case.

Induction step: Assume the statement holds for some m € N>, so that S,,, = {0,,}. We want
to show it holds for m + 1 € N5 (assuming char (R) = 0 or m + 1 < char (R)).

Clearly, {041} C Smy1. To show the converse, let any A € Sy,41, we first show that
Jk € m + 1 such that Ay = Og. This can be proven in (at least) three ways: The first one
(the simplest) uses a direct computation, the second (quite related to the first) uses Newton’s
identities (with a full proof of them), finally the last one uses the Vandermonde matrix (whose
determinant is proven in Appendix [A.5]):

Direct computation.

Fix n € Nyg. For k € N| let the k-th power sum polynomials in n variables be
X)=)Y X/ez[X
i€En
and the k-th elementary symmetric polynomials in n variables be

en (X):= > ][] Xae€z[X]*

AeP(n) acA
|A|=k

In our case, where the number of variables is m + 1 > 1, we define, for all £ > 0, the k-th
power sum and the k-th elementary symmetric polynomial in the vector A, respectively:

Pk ‘= Pk (A) = Z )\f, €L ‘= €L ()\) = Z H )\a.
iem+1 AceP(m+1)a€A
|A|=k

By the condition X € Sy,41, it is clear that there exists a minimal £y € N such that p;, 4 = Ogr
for all & € [1,m + 1]. Consider the polynomial whose roots are the coordinates of A:

m+1 ) )
PX)= ] X=X)=> (-Die X" € R[X].

iem+1 =0
One has for all i € m+ 1, 0gr = P ()\;), so that:

Op=AX-P(A) = > (~1)pe A,

Summing this identity over all i € m + 1 gives:

m+1 1 m+1
txtm+l—j J
Z Op = Z Z A Z (=g €jPtx+m+1—j
iem—+1 i€em+1 j=0 7=0
= Z Or + ( em—‘rlpt)\ = 0p = em+1Pty = Pty ° H i
i€em+1
4That is:
60(X —1 61 ZXZ,EQ = Z Xin,...,en(X):HXi,
iEN 0<i<j<n iEn

and ey, (X) =0 for k > n.

11



where we used that py, 1 = Og for all k£ € [1,m + 1]. By minimality of ¢y, ps, # Or. Indeed,
if tx = 0, then p;, = (m + 1)p, which is not zero by hypothesis on the characteristic. Else
tx > 1, then assuming p;, = Op yields a contradiction to the minimality of £y because then
one could take ty —1 € N and the condition would still hold for this integer.

This implies (as R is a domain) that there exists k € m + 1 such that Ay = Og.
Using Newton’s identities.

In the same settings as above, for n € N5y and k € N, the previous direct computation
proof above hints that some of the k-th power sum polynomials in n variables and some of the
k-th elementary symmetric polynomials in n variables are related. Indeed, they are related by
the so-called Newton’s identities (valid for 1 < k < n) over R[Xo,...,Xp—1] = R[X]:

k
krew (X) =D (=) e (X) ps (X).
=1

For a short combinatorial proof of these identities, see [A.4].

By the condition A € Sy, 11, there exists ty € N such that p;, 1 = Og for all k € [1,m + 1]. In
our case, where the number of variables is m + 1 > 1, we define, for all £ > 0, the k-th power
sum and the k-th elementary symmetric polynomial as before but this time in the vector A
(each coordinate of this vector is raised to the power ty), respectively:

k
Dk = Dk (At*> = > (AE*) . 6= ey (X“) = >[I
iem—+1 AeP(m+1)acA
|A|=k
Notice that py = p,++ (A) and thus, for each i € [1,m + 1], p; = Og. Newton’s identities (for
1<k=m+1<m+ 1) when evaluated at Aix give:

m+1
Or = > (=17 émp1-ibi = (m+ 1) gémir = (m+1)p [[ X*
=1 i€em+1

Since m + 1 > 2 and char (R) = 0 or m + 1 < char (R), we obtain (m + 1) # Og.
This implies (as R is a domain) that there exists k € m + 1 such that Ay = Op.

Using the Vandermonde matriz.

A

It is clear that there exists a bijection a*: r =% ran (A) C R, where r := |ran (A)|.

(Note that A # @ and dom (A) = m + 1 so that r € [1,m + 1]). By hypothesis on A,
there exists ¢y € N such that for all k£ € [1,m + 1]:

o' 3 = A ({2 )] (2 0)” (2 0)

i€Em+1 Jjer

where the multiplicity ‘/\_1 ({a)‘ (j )})‘ # 0 by construction, so that:
A ({0} # 0

12


https://en.wikipedia.org/wiki/Newton%27s_identities

either because char (R) = 0 or because the multiplicity is bounded by m + 1 < char (R).

Since r < m + 1, we get the following system of equations:
Mo -vx = 0,

i+1
where M x € R™*" is defined by (i,5) — (a)‘ (j)) for i,j € r, ie.,

(a*(0)) (*r—1)’

Mo = )
(a’\ (0)) (04A (r — 1))’"

and v € R™ ! is the well-defined column vector given by j ’)\_1 ({a)‘ (])}) )

1

T

A\ I
()"
Assume now towards a contradiction that Or ¢ ran(A). Then v,a € ker (M) \ {0,}

¢
(since there exists j € r with o (j) # Og, which implies (04)‘ (])) * # Op even if ty = 0). Thus,

M is a matrix for which its associated R-linear operator is not injective. As is true in any
commutative ring, we must have:

R

O = det (M) = (H o <j>) detr (VA).

JET

where detp is defined via the Leibniz formula (permutation summation formula), ensuring
that all standard properties, such as being a monoid morphism, or being multilinear over the
ring R hold. We used the multilinear property in the last equality to extract from each column
j the factor o (j), and where V,a € R"™ " is the Vandermonde matrix of o, with entries

. \J
Var (i, ) = (o2 ().
By the lemma in Appendix [A.5]:

detp (vaTA) =detg (Vo) = ]I (a)‘ () — (i)) £ 0p,

0<i<j<r

A

because o is injective, and R is a domain! (Even if » = 1, the empty product is 1g # Og).

So we must have [[;c, a* (j) = Og, which implies because R is a domain that there ex-
ists j € r such that a* (j) = O, meaning O € ran (), a contradiction. Thus our assumption
is false and we must have O € ran (\).

Hence, there exists k € m + 1 such that A\ = Og.

So all of these three proofs showed that 3k € m + 1, A, = Or. Now define then X': m — R by:

. i ifi<k
1+
Aiv1 ifi>k

From A\ = Or and X € S;,41, it must be true that X' € S,, = {0,,,} (use the same ¢ and the
fact that m < m + 1). So that in total (clear), A = 0,41 and hence S;,+1 C {041}

This concludes the converse and finishes the induction step. O
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A.3

Lemma. Forr € Nyg and any field F such that char (F) = 0 or char (F) > r, let M € F™*"
be a matriz. The following are equivalent:

1. M" = 0rxr,
2. M 1is nilpotent,

3. 0 (M) ={0p} where o (M) :=Rootp, . (x) (Falg),
4. Vk € Nog, tr (Mk’) = Op,

5. 3t e N,Vk € [1,r], tr (MHk) — 0.

One cannot reduce the set of powers for which the trace is Op to an arbitrary set S C Nsg of
size r. If char (F) # 0, then one cannot relax the requirement that char (F) > r.

Proof. For the equivalences, it suffices to prove that each statement 4. implies ¢ + 1. (for
i€{1,2,3,4}) and that 5. implies 1.

1. = 2.: This is trivial as 7 > 0 so it satisfies the definition of being nilpotent (in the ring F"*").

2. = 3.: Let k € N5 be the index of nilpotency of M (we could take any power ¢ € N5 that
satisfies M* = 0,,). Any X\ € o (M) must (standard) satisfy the equation \¥ = Op. Since F is
a domain and k > 0, this implies that A = Op thus o (M) = {Or} (because o (M) # @).

”
3. = 4. Let A € (F¥8) be any vector (the order in this vector doesn’t matter) of ex-

actly all the eigenvalues of M counted with their respective algebraic multiplicities. By the
Spectral Mapping Theorem [A.1] one has that for all & € N<:

tr (MF) = SOAF,

ier

Because o (M) = {Or}, we must have ran (A) = {Or}. Hence (as k > 0), tr (Mk) = ic, O =
OF.

4. = 5.: This is trivial (use t = 0).

To finish, we need to show that 5. = 1.. Now, notice that 3. = 1.: indeed, the charac-

teristic polynomial has degree 7, $0 Pehar,m (X) = [Treq(ar) (X — A)mPchar;M(X’(A) T=0r} o

We have by the Cayley-Hamilton theorem (valid over any field) that M" = 0,.«,. Hence 1. < 3.,
and so it suffices, in fact, to show 6. = 3.. This relies on the lemma [A.2]. Let A € (Falgy be
any vector (the order in this vector doesn’t matter) of exactly all the eigenvalues of M counted
with their respective algebraic multiplicities. By the Spectral Mapping Theorem [A.1], for all
k€ N>y, tr (Mk) = Y ier AF. Hence if there exists t € N such that Vk € [1,7], tr (Mt+k) = O,

then by our lemma [A.2], we have Vi € r,\; = Op. Hence o (M) = {0} (since o (M) # @).

To show that a general set of powers S C Ny of size equal to the dimension of the ma-
trix does not suffice:

14



Let = 3 and consider the field C. Let w = €>™/3 be a primitive third root of unity,
and define the diagonal matrix:

10 0
M=|0 w 0
0 0 w?

The eigenvalues of M are 1,w, and w?. Since none are zero, M is not nilpotent. However, if
we look at the non-consecutive set of powers S = {1,2,4} (note |S| =3 = r), we find (because
X3-1=(X-1)(X2+X +1)):

e tr(MY) =1+w+w?=0

e tr(M?*) =12+ +uwli=1+w?+w=0

e tr(MY) =11+l +wW¥=1+w+w?=0
Thus, r distinct and strictly positive powers can all have zero trace without the matrix being
nilpotent.

To show that the characteristic must be 0 or strictly greater than r:

Let p be a prime and consider the field F,. Now take r = p and take the identity matrix I,.
Then I, is not nilpotent since I¥ = I, # 0,,. However, tr (L’f) =tr(I;) = e, Ir, = OF,
(because r = p and we are in characteristic p). O
Remark. Although one cannot use any set of r distinct powers for which the trace is O, one
can still apply this theorem in certain other special cases. One example is that for any [ € Ny

and ¢t € N, the r distinct powers {l - (t + k) | k € [1,r]} suffice: simply apply the theorem to
M to deduce that M! is nilpotent and hence M is nilpotent.

A4

Theorem 2 (Newton’s Identities). Let R be a commutative unital ring together with the
canonical morphism cang: Z — R, and write for any integer k: kg := cang (k). For positive
integers 1 < k < n, the following identity holds over the ring R[Xo,..., Xn-1] = R[X]:

k
ke | > IIXe | =20 X TIX| | 22X ] =0rix
AeP(n) acA i=1 AeP(n) acA JjeENn

|Al=k |Al=k—i
The following short combinatorial proof is due to Doron Zeilberger (1983).

Proof. The left hand side of the identity is equal to:

> s ey ()] 2 Sen(a)a]- o
AeP(n) jEA acA 1=1 AcP(n) j€n acA
|A|=k |Al=k—i

We establish the identity by defining a sign-reversing involution on a combinatorial structure.

Define the set of 3-tuples:

A(n, k) := {(A,j,i)

Ae P (n), | A<k, jen, i=k—|A4],
and ifi=0then j€ A '

15



The weight w: A (n, k) — R[X] is defined by (4, 7,3) = (—1)% ([Toca Xa) X!eR [X]\{OR[X}}.
The sum of the weights of all elements in A (n, k), namely > .c 4 1) W (€), is readily seen to
be equal to (*). To show this sum is zero, define the function T': A (n, k) — A (n, k) as:

(AN{j}.gi+ 1), ifjeA,
(AU{j},ji—1), ifjé¢ A

With a mental exercise, we see that T is well defined and satisfies:

T ((A,4,1) = {

woTl =—w, ToT =idmp)-

Thus, every element (A, j,7) uniquely pairs with its image under 7" (since it is an involution
(which has no fixed point)) and their weights cancel. Hence, the total sum is zero. Formally®
3P C A(n,k) such that A (n, k) = |],cp {p, T (p)} (and for each p € P, the set {p, T (p)} has
size 2) so that:

Y. wle)=) (wp) +w((p) = (wp)—wp) =) Orx =Orx

e€A(n,k) pEP peEP pEP

(even if T' had a fixed point the equation w o T = —w would imply that the weight of it is
Ogjx] so it wouldn’t matter). O

A5

Lemma (Vandermonde Determinant). Let R be a commutative unital ring and n € Nsg.
For any vector © € R", let V, € R™"™ be the Vandermonde matriz defined by (i,7) — x for
i,j € n (where z° = 1 even if x = Or), i.e.,

lp  x9 ... 56871
1R Il ce .’,1;‘111_1
Ve =
-1
1R Tn—1 .- szfl

Then:
detp (Vg) = H (xj —x5).

0<i<j<n

Proof. We proceed by induction on n € Ny, quantifying over all vectors « € R™.

Base case n = 1: Let any £ € R!. The matrix is V, = (IR). Its determinant is 1g,
which matches the empty product [[o<;j1 (¥ — xi) = 1g.

Induction step: Assume the statement holds for some n € Nsg. We wish to prove it for
n+1. Let any € R""'. We perform elementary column operations, which do not alter
the determinant over a commutative ring. For each column index j from n down to 1, we
subtract xgp times column j — 1 from column j. Formally, the new columns C]’~ are given by

C} := Cj — 29Cj-1 for j € [1,n], and Cf := Cy.

®Any involution 7 on a set S induces a relation on S: ~,C S x S defined by  ~ y < y = 7 (). This is an
equivalence relation and the equivalence class of z € S is [z] ,_ = {z,7 (z)} (which can have size 1 if z is a
fixed point of 7). Recall that the set of equivalence classes partitions S. This implies (for an arbitrary set by

the axiom of choice) (for a finite set by induction) that 3P C S with S = UpeP [pl.. -
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The entries of the new matrix V,, are:

1 if j =0
Va’; (i,5) = f j—1 j—1 1 j
] —xox;  =ux; (v;—x9) ifj>0

In the first row (¢ = 0), for j > 0, the entries are x{)_l (xo — x9) = Og. Thus, the first row is

exactly (1R Op ... OR).

Expanding the determinant along the first row (using the Laplace expansion, which is valid
over any commutative ring), we get:

et (Vy) = detr (V) = (=10)"*" - detr (Vi) g0) = detr (Vi) o))

where (Vaé)(om) € R™" is the submatrix obtained by deleting row 0 and column 0.

By the multilinearity of the determinant with respect to the rows, we can factor out the
common scalar (z,41 — o) from each row r € n of (V-'B/)(O|0)’ to obtain:

detp ((Vﬂé)(0|0)) = (H (l‘r_;,_l — .%'0)) detpr (le) = ( H (a;j — 1‘0)) detpr (Vq;/),

ren 0<j<n+1

where x’: n — R is defined by k — xj, 1. Hence, by the induction hypothesis, detg (V) =
H0§i<j<n ('Tj+1 - miJrl) = H1§i<j<n+1 ($j — l’l)

Therefore:
detp (Vo) = | [I (25 —=0) [I @-z)= I (z5—w)
0<j<n+1 1<i<j<n+1 0<i<j<n+1
This completes the induction step and the proof. ]
A.6

Lemma. Letl € Nyg and R be a commutative unital ring together with the canonical morphism
canp: Z — R and write for any integer k: kg := cang (k). Let N € R be a nilpotent matriz.
If I + N has finite order r € Nsg (where I; is the identity matriz in R™¥!) such that rg € R*
is invertible, then N = Opix:.

Proof. Let r:= ordpixi (I; + N) € N5 be the order of I; + N. Then, by the binomial theorem
(noting that I; and N commute),

n=eny =3 () vy (1) w
=0\ r =1\ R
It follows that

r
ORlxl - Z <T> ]\]"7
R

=1\

and because R is commutative, we can factor N to obtain:

Opii = N Z(f) NITU| =N rRI,+Z<7f> Ni=L]
=1 \)/ R i= \J/ R
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Let S :=rrl + 375 (;)RNJ'_1 € R™! be the right-hand factor in this product, and define

E:=3", (;) 2N 7=l ¢ R™! (the sum is possibly empty if r = 1, in which case it is the empty
sum and E = 0;y;). So S = rgrl; + F, and we claim that S is invertible.

Indeed, N is nilpotent, and so are all of its powers. Since R is commutative, any scalar multiple
AN* with A € R and k € Ny is nilpotent. Moreover, for any (possibly non-commutative)
unital ring A (here R**!), the set of nilpotent elements Nil (4) is closed® under finite sums
and products, provided that the terms commute pairwise. Because R is commutative, we
get that for any A\, N € R and k,k’ € Nsg, the elements AN* and X N* commute. Hence
E € Nil (R*!).

X
Now rg € R*, so we must have rgrl; € (RZXZ) . As F is nilpotent and E commutes

with rgl; (since R is commutative), the element S := rrl; + F, being the sum of an invertible
element of R**! and a nilpotent one, must be invertible”.

Thus, multiplying on the right by S~ on both sides of the equation Opixi = NS yields
N = Opixi. O

SFor the finite product, the index of nilpotency is bounded above by the minimum of the respective indices of
nilpotency (use the commutativity of the factors). For the finite sum, the index of nilpotency is bounded above
by 1 plus the sum of the nilpotency indices minus the number of summands. To see this, use the multinomial
theorem (which is valid since the summands commute) and use the pigeonhole principle.

"This is a general fact about any (possibly non-commutative) unital ring A: if a € AX, b € Nil (A), and
ab = ba, then a +b € A*. Indeed, let v € Ns¢ be the index of nilpotency of b. Then, since a and b commute, so
do a™! and b, and we have (bail)v =b"a"" = 04. A simple computation (using the fact that £14 commutes
with every element, and that a, b, and o~ commute with one another, as do their powers) shows that the

element .
a™? <Z (—14)* (bal)k> €A,

k=0

is both a left and right inverse of a + b =a (lA + ailb) = (1,4 + bail) a,and so a+be A
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