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Problem (X-ENS 11 Orals)

Let (G, eq) be a finite non-commutative group. Show that the probability that two
elements z,y € G chosen uniformly at random commute is less than or equal to g, and show
that this bound is tight, i.e., provide an example where the bound is attained.

Problem (from the book: Selected Problems in Real Analysis)

Let S be a set and f: S — S a bijection. Show that f can be written as the composition
of two involutions, where an involution A is a function that is its own inverse.

Problems (Sudakov & Milojevic)

0.1

Let Cy,C2,C3 be disjoint circles in the plane of different radii, and let Tj; be the intersection
point of the common tangent to C; and C; for all 1 < ¢ < j < 3. Show that the points T2,
Tb3, and Ti3 lie on a common line.

0.2

Several spherical planets, each of radius R, are placed in a greenhouse. On each planet, Mark
colors in black the regions that are not visible from any other planet by a single straight-line
segment. Prove that the total area of the colored regions, summed over all planets, is exactly
4 R?.

0.3

There is a pile of silver coins on a table. John holds two pieces of paper and performs the
following process: at each step, he can add one gold coin to the table and write the current
number of silver coins on one piece of paper, or remove one silver coin from the table and
write down the current number of gold coins on the other piece of paper. This process runs
until no more silver coins remain on the table. Show that at the end of the process, the sums
of the numbers on both pieces of paper are equal.

Problem (Romanian IMO Team Selection Tests 1998)

Show that the polynomial with integer coefficient (X2 + X)?" + 1 € Z[X] is irreducible
over Q[X].



Problem B6 (Putnam 1985)

Let n > 1 and G < GL,,(R) be a finite group consisting of real n x n matrices under matrix
multiplication. Suppose the sum of the traces of all elements in G is zero:

Z tr(M) = 0.

MeG

Prove that the sum of the elements of G is the zero matrix:

Z M = 0y 5.
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